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Filtration with Sedimentation: Application of Kynch’s
Theorems

R. FONT* and A. HERNÁNDEZ
DEPARTAMENTO DE INGENIERÍA QUÍMICA

UNIVERSIDAD DE ALICANTE

APARTADO 99, ALICANTE, SPAIN

ABSTRACT

Filtration at moderate rates on upward-facing horizontal surfaces is accompanied
by sedimentation. Kynch theorems developed for sedimentation in the noncompres-
sion range can be adapted to explaine the evolution of the cake surface and the filtrate
volume with time. The different relationships obtained have been tested with filtration
1 sedimentation runs and filtration without sedimentation runs carried out with cal-
cium carbonate suspensions at moderate pressure differences from 17 to 97 mmHg.
The differences between the average specific resistance observed at the different runs
can be satisfactorily explained by the fundamentals of the theory.

INTRODUCTION

The study of sedimentation and filtration of complex, often flocculated, dis-
persions can be considered by straightforward conservation equations and
constitutive equations relating fluxes to driving forces through permeabil-
ity/hindered settling coefficients and compressive yield stresses by partial dif-
ferential equations that must be solved numerically (1–5).

Other researchers have considered the solutions of derivative equations us-
ing algebraic balances by considering characteristic lines and average proper-
ties such as average specific resistance to obtain interesting relations which
are also useful for the design of thickeners and filters (6–10).

In some solid–fluid filtration on horizontal surfaces at moderate filtration
rates, the process of sedimentation above the cake results in a variation of the
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ORDER                        REPRINTS

filtration rate. Tiller et al. (11) recently presented an interesting paper on fil-
tration with sedimentation. They recognized in their conclusions that conven-
tional theory can lead to substantial errors, and they considered the conve-
nience of theoretical analysis for explaining the process of filtration with
sedimentation.

Alicante University has been working with the fundamentals of sedimen-
tation (12–14). The theory developed for compressible suspensions is
adapted and tested in this paper with the process of filtration with sedimen-
tation.

Conventional filtration theory is based on a two-resistance (cake 1 sup-
porting medium) model and has been widely considered by Ruth (16), Tiller
and Cooper (17), Tiller and Shirato (18), Holdich (19, 20), Stamatakis and
Tien (21), Wells and Dick (22), Landman et al. (3), and Sørensen et al (23, 24).
A summary of the main previous aspects considered in this paper are included
in the reference by Tiller et al. (11).

Two ranges of solids concentration can be distinguished in the sedimenta-
tion of compressible suspensions: the noncompression or hindered settling
zone where the aggregates or flocs descend separately although there is hin-
dering among themselves, and the compression zone where the structure of the
separated aggregates has disappeared and a matrix of solids has been formed.
Analysis of the sedimentation is done by considering characteristic lines (con-
stant solids concentration and constant settling rate) in the noncompression
zone and lines of constant solids concentration (with non-constant settling
rate) in the compression zone or sediment (6–9, 12, 13).

In a batch experiment of filtration with sedimentation, in accordance with
the analysis done by Tiller et al. (11), the zones that can be distinguished can
be observed in Fig. 1.

The variations observed vs time correspond to the liquid height H, the sus-
pension or slurry height Hs, and the sediment or cake height L. The volume fil-
trate by unit of cross section equals H0 2 H, where H0 is the initial liquid
height. The characteristic lines can emerge from the bottom or from the cake
surface.

Bockstal et al. (25) analyzed this phenomenon when the height of the sus-
pension Hs descends with respect to the height of the liquid H with constant
rate. The general treatment presented in the study developed can be applied to
any situation.

EXPERIMENTAL

Calcium carbonate suspensions were used for testing the procedure pro-
posed in this paper (density 2648 kg/m3; cumulative weight fraction: 0.5 mm,
3.9%; 1.0 mm, 4.5%; 2.0 mm, 10.2%; 4.0 mm, 27.4%; 6.0 mm, 45.6%; 8.0 mm,
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59.1%; 10.0 mm, 69.1%; 15.0 mm, 84.8%; 20.0 mm, 93.3%; 25 mm, 97.6%;
30.0 mm, 99.4%; 40.0 mm, 100%; the mean surface diameter equals 4.3 mm).

Runs were carried out with a constant section glass filter, where the sup-
porting medium was a sintered glass slab with filter paper (inside diameter
0.0915 m; height 0.1 m). In order to be able to see the location of the sediment,
potassium permanganate to a maximum of 0.1 wt% was added in all the runs.
It had previously been tested that the presence of this colorant did not modify
the filtration rate nor the descent of the liquid interface and suspension
interface.

Some filtration runs were done without sedimentation above the cake. A
stirrer was therefore placed in the upper part of the filter to move the suspen-
sion and avoid sedimentation. In this case the liquid height and the suspension
height coincided. Due to the stirring, the cake surface was smoothly waved
and the cake height could not be accurately determined.

The vacuum pressures used for performing the runs were between 17 and
97 mmHg.

The average solidosities or volume fractions of solids in the cakes were de-
termined by weight (wet and dry cake) and by a volume balance (initial sus-
pension height, final cake height).

A sedimentation batch test in a glass cylinder was also done to compare the
results (inside diameter 0.08 m; height 0.32 m).

All the runs were carried out at 25–27°C and with 25 wt% CaCO3, which
corresponds to an initial volume fraction of solids of 0.1115.
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FIG. 1 Variation of discontinuities vs time in a filtration with sedimentation run.
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EXPERIMENTAL RESULTS

Batch Sedimentation Test

Figure 2 shows the experimental results obtained in the batch sedimentation
test carried out with initial volume fraction of solids fs0 5 0.1115. In this test
the following zones can be drawn in the noncompression zone: zone “a” where
the solids concentration is constant, zone “b” where the characteristic lines
arise from the bottom, and zone “c” where the characteristic lines arise tan-
gently from the sediment surface.

The critical or gel volume fraction of solids (limit between hindered settling
zone and compression zone) can be calculated by the relation

«s1 5 fs0H0/H*2 (1)

where H*2 is the intercept height of the tangent to the sediment at the origin
with the upper discontinuity (12) and H0 is the initial height of suspension.

Depending on the tangent drawn to the sediment at the origin, the value of
the critical or gel solidosity can oscillate in a certain interval of solids con-
centration. By correlating the experimental data H 5 ƒ(t) and L 5 ƒ(t) by
polynomial equations, differentiating L 5 ƒ(t) to obtain the slope at the origin,
and calculating the intercept between the tangent drawn at the origin and the
upper discontinuity, the value of «s1 equals 0.215. By considering the initial
rising of the sediment for the first 500 seconds as linear vs time, and applying
Eq. (1), the critical volume fraction of solids equals 0.270. This means that the
critical solidosity is between 0.215 and 0.270, probably closer to 0.215, but
with a small increase of solids pressure the solidosity of the sediment increases
to 0.27.

For the initial solids concentration, the settling rate can be calculated from
the slope of the straight line of the upper discontinuity for the first period (not
considering the small initial portion that deviates from linearity as a conse-
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FIG. 2 Batch test of sedimentation: zones and notations.
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quence of the stirring; this initial portion is small for stable flocculated sus-
pensions).

Considering the characteristic lines drawn in zones “b” and “c” (12), and
applying the following equations:

For zone “b”

fs 5 fs0H0/Hi, (2us) 5 2dH/dt (2)

For zone “c”

fs 5 }
H

f

12

s0

2

H0

L1
} exp12Et1

0
}
t2

d
2

t1
t1

}2, (2us) 5 2dH2/dt2 (3)

the relation between the settling rate (2us) (determined as 2dH/dt or
2dH2/dt2) vs fs is obtained (the significance of some terms can be found in
Fig. 2). Figure 3 shows the experimental variation obtained plotted as
(2us)1/4.65 vs fs. The values of (2us) are the positive ones corresponding to
the settling rate us which are negative in accordance with the positive semiaxis
considered (in this paper the negative magnitudes are written between paren-
theses with the sign minus).

Filtration without Sedimentation Runs

Five runs were carried out at different pressure increments with stirring in
the upper part of the filter. Figure 4 shows the experimental results for a test
from which the evolution of the suspension height Hs and the cake surface L
can be obtained.
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FIG. 3 Variation of (settling rate)1/4.65 vs volume fraction of solids fs in the noncompression
zone, considering the data of the sedimentation test and of filtration with sedimentation runs.
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In order to compare the conventional theory of filtration without sedimen-
tation with the theory of filtration with sedimentation presented in this paper
in the following sections, the fundamentals of the conventional theory with
some small corrections are briefly presented in Appendix 1.

The average volume fraction of solids «s,ave of the cake can be calculated
from the ratio M (wet cake mass/dry cake mass) by

«s,ave 5}
rs(

r

M
s(M

2

2

1)
1
1

)
r

} (4)

where rs is the solids density.
Another method for calculating «s,ave when the sediment height can be de-

termined is by the equation

«s,ave 5 fs0H0/Hc (5)

where Hc is the critical height of the cake when the upper interface intercepts
the sediment interface.

It can be deduced at any time (see Appendix 1) that

A }
d
d
V
t
} 5 }

A(
m

p
a

1

s

2
,av

p
e

3)
} Ws 1 }

p1

m

2

Rf

p3
} (6)

where p1 2 p3 is the pressure loss through the cake and the supporting mem-
brane, A is the cross area, V is the filtrate volume, t is the time, m is the fluid
viscosity, as,ave is the average specific resistance, and Rf is the membrane re-
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FIG. 4 Variation of the supernatant–suspension height Hs and the cake surface L vs time for a
filtration without sedimentation run (p0 2 p3 5 57 mmHg) and notations.
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sistance. The relation between the filtrate volume V and the time when p1 2
p3 remains constant along the run is (see Appendix 1)

}
V
t
} 5 V 1 }

A(p
m

1

R
2

f

p3)
} (7)

This equation is correct for incompressible cakes, but it can also be used for
compressible cakes, as indicated in this paper. Landman et al. (3) deduced that
when membrane resistance is negligible, the variation of t/V vs V for com-
pressible cakes is linear, but the same conclusion can be obtained for incom-
pressible cakes because in this case as,ave is constant because at any time the
cake undergoes the same total pressure drop p1 2 p3.

Figure 5 shows the variation of t/V vs V for the five runs carried out at dif-
ferent pressure increments where linear variations can be observed, excepting
the first points. Considering only the second half of the points, where linear-
ity is more clearly observed and where it is expected that the variations of
as,ave and «s,ave are small, the corresponding linear correlations and the values
of as,ave and Rf were obtained.

Table 1 shows the experimental parameters corresponding for the five fil-
tration without sedimentation runs:

• The vacuum carried out corresponds to “p0 2 p3,” but the real pressure dif-
ferences across the cake “p1 2 p3” are somewhat greater due to the weight
of the suspension. An increment of 3 mmHg was considered to correspond
to a mean suspension height of 3–4 cm.

• Values of Rf were calculated from ordinates at the origin in accordance
with Eq. (7). A general tendency for it to increase with the pressure differ-
ence was observed (except for Run 5, due probably to the non-uniformity
of the filter medium).

mrS0as,ave
}}}
2(1 2 MS0)A2(p1 2 p3)
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FIG. 5 Variation of the ratio t/V of the time to the filtrate volume vs the filtrate volume V for
filtration without sedimentation runs.
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• The pressure losses “p1 2 p2” throughout the cake are calculated by the
equation

p1 2 p2 5 (p1 2 p3) 2 mRf (2u1) (8)

by considering an average value of (2u1) corresponding to the second half
of the points in Fig. 5.

• Values of «s,ave were calculated by Eq. (4) by considering the values of M
obtained from the wet mass and dry cake mass data (values of «s,ave were
not determined by Eq. 5 because the horizontal level of the cake surface
was not uniform due to the stirring of the suspension above the cake).

• The specific resistance values as,ave were calculated from the slope of the
correlation obtained (Fig. 5), in accordance with Eq. (7). As expected for
compressible cakes, an increasing variation vs pressure difference can be
observed.

Filtration Runs with Sedimentation

Five filtrations with sedimentation runs were also carried out at different
pressure increments. Figure 6 shows the experimental values for a test in
which the evolution of the liquid height H, the suspension height Hs and the
cake height L can be observed.

Above the cake the solids descend with a velocity (2us) which is the sum
of two velocities: a) the filtration velocity (2u1), which is the average of the
solids 1 liquid mixture in any section, and b) the real settling rate (2us

#) of
solids with respect to the mixture as a consequence of the sedimentation pro-
cess of the solids at the hindered settling zone and where (2us

#) is a function
of only the solids concentration.

The relation between the settling rate (2us
#) and the solids concentration

can be calculated as in the batch testing of sedimentation if the filtrate height
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TABLE 1
Experimental Parameters for Filtration without Sedimentation Runs

p0 – p3 p1 – p3 p1 – p2 «s,ave by as,ave

Run mmHg mmHg Rf (m21) 3 10210 mmHg M Eq. (15) (m/kg) 3 10210

1 17.0 20.0 2.04 15.6 1.406 0.481 1.03
2 37.0 40.0 2.92 34.5 1.392 0.489 1.47
3 57.0 60.0 4.89 55.0 1.381 0.497 1.60
4 77.0 80.0 6.07 73.6 1.358 0.513 1.86
5 97.0 100.0 3.51 91.6 1.358 0.513 1.98
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(H0 2 H) is added to the suspension height Hs and to the cake height L to ob-
tain the corresponding values of H s

# and L#, as indicated in Fig. 7. With the
curves H s

# 5 ƒ(t) and Ls
# 5 ƒ(t), the relation (2us

#) 5 ƒ(fs) can be obtained in
the same way as in batch testing of sedimentation. These applications are an
important part of this paper; they are presented and discussed in Appendix 2
to clarify the discussion and methodology with the experimental results.
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FIG. 6 Variation of the liquid height H, the supernatant–suspension height Hs, and the cake
surface L vs time for a filtration with sedimentation run (p0 2 p3 5 57 mmHg).

FIG. 7 Modified height–time diagram when adding the filtrate height H0 2 H for a filtration
with sedimentation run (p0 2 p3 5 57 mmHg).
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Deduction of the Relation between the Settling Rate (2u#
s)

and the Volume Fraction of Solids

The settling rate corresponding to the initial solids concentration can be cal-
culated from the slope of the straight line observed for the first few minutes
(zone “a”). Considering the experimental data obtained with the calcium car-
bonate suspensions, there is an initial period of decreasing settling rate (also
observed in batch runs of sedimentation), probably due to the initial stirring;
this initial period has not been considered.

As a consequence of the adaptation of the Kynch theorems (Appendix 2), it
is deduced that:

For zone “b”

fs 5 fs0H0/H #
i , (2us

#) 5 2dH #/dt (9)

Considering the experimental points shown in Fig. 7 and taking into ac-
count that the variation of the upper discontinuity is linear in the zone prior to
the characteristic that arises tangently from the sediment surface, it is deduced
that zone “b” coincides with zone “a” or is very thin.

For zone “c”

fs 5 }
H

f
#
12

s0

2

H0

L#
1

} exp12 Et1

0
}
t2

d
2

t1
t1

}2, (2us
#) 5 2dH #

2/dt2 (10)

From the modified H s
# 5 ƒ(t) and L# 5 ƒ(t) variations of the five runs, the

series of (2us
#)1/4.65 values obtained were plotted versus the corresponding

values of volume fraction of solids, together with the data of batch testing in
Fig. 3. They show the same general tendency of variation, and so corroborate
the assumptions made.

In accordance with the Richardson and Zaki (26) relation and the method-
ology discussed in another paper (15), the relation (2us) 5 ƒ(fs) was consid-
ered for all the points plotted in Fig. 3.

For fs , 0.16, a linear variation of (2us)1/4.65 vs fs was considered, so

(2us) 5 (2us0) (1 2 jfs)1/4.65 5 2.70 3 1024(1 2 2.7fs)4.65 m/s (11)

where the ratio “j” (aggregate volume/solids volume in an aggregate), known
also as AVI (average volume index), takes the value of 2.7. By considering the
value of (2us0) (5 2.70 3 1024 m/s), the aggregate density ra, calculated as
(rs 1 ( j 2 1)r)/j (5 1608 kg/m3), and the Stokes relation for creeping flow
(Reynolds number , 0.2)

(2us0) 5 }
gd a

2

1
(r
8
a

m

2 r)
} (12)
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the aggregate diameter “da” calculated is 28 mm, which is greater than the
mean particle size 4.3 mm, indicating the flocculent character of the
suspension.

For fs . 0.16, the data can be approximately correlated by the relation

(2us) 5 3.76 3 1024 j2}
1
3

}(1 2 jfs)4.65 (13)

where

j 5 25.403fs 1 3.578 (14)

Deduction of the Critical or Gel Volume Fraction of Solids

Considering the first characteristic line which arises tangently to the cake in
a H #–t plot, the critical or gel volume fraction of solids «s1 can be calculated
by the relation

«s1 5}
H#*2 2

fs

(
0

2

H

u
0

0
1)t*2

} (15)

where H #*2 and t*2 correspond to the height and the time, respectively, at the
intersection of the characteristic tangent to the cake surface at the origin in a
H #–t plot, as indicated in Fig. 8. The value (2u0

1) corresponds to the initial su-
perficial velocity of fluid through the supporting medium (that is, the initial
filtration rate).

Appendix 3 shows the deduction of Eq. (15). By considering the experi-
mental results of the five filtration with sedimentation runs, values «s1 were
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FIG. 8 Determination of the critical volume fraction of solids «s1 from a run (p0 2 p3 5 57
mmHg).
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calculated, and they are presented in Table 2. It can be observed that the ap-
parent critical volume fractions of solids are larger than the lowest limit 0.215
and close to the 0.215–0.270 range determined from the batch sedimentation
test. It is logical that the apparent values deduced from the filtration with sed-
imentation runs are larger than the real one «s1, probably because of the com-
pression of the initial layers of cake as a consequence of the high liquid flow
at the beginning of the tests (with very thin cakes and the available data, the
solidosity would probably be close to 0.215).

Deduction of the Average Specific Resistance as,ave and
the Average Solidosity «s,ave with the Effective Solids
Pressure

Equation (7) for filtration with sedimentation runs cannot be used because
this equation considers a direct relationship between the solids mass in the
cake and the filtration volume, and consequently another relation must be
deduced.

Equation (6) continues to be valid. By taking into account an average spe-
cific resistance as,ave as approximately constant in the integration, it can be de-
duced that

A }
d
d
V
t
} 5 }

A(
m

p
a

1

s

2
,av

p
e

3)
} Ws 1 }

p1

m

2

Rf

p3
} (16)

and separating variables and integrating

AEt

0
dt 5 At

5 }
A(

m

p
a

1

s

2
,av

p
e

3)
} Ev

0
WsdV 1 }

p1

m

2

Rf

p3
} V (17)
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TABLE 2
Experimental Parameters for Filtration with Sedimentation Runs before the Critical Points

as,ave

p0 – p3 p1 – p3 Rf (m21) p1 –  p2 «s,ave by «s,ave by (m/kg)
Run mmHg «s1 mmHg 3 10210 mmHg M Eq. (14) Eq. (15) 3 10210

6 17.0 0.276 20.0 3.87 16.8 1.420 0.473 0.462 0.966
7 37.0 0.236 40.0 4.75 34.6 1.367 0.506 0.502 1.55
8 57.0 0.367 60.0 4.06 49.3 1.351 0.518 0.503 1.68
9 77.0 0.346 80.0 4.90 62.9 1.361 0.511 0.490 1.89

10 97.0 0.331 100.0 6.27 82.4 1.340 0.525 0.520 1.88
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and

}
V
t
} 5 }

A( p
m

1

a

2
s,av

p
e

3)V
} Ev

0
WsdV 1 }

p1

m

2

Rf

p3
} (18)

If t/V values are plotted vs (1/V ) ev
0 WsdV, a linear variation is obtained when

as,ave and «s,ave become approximately constant. By considering only the points
of the linear variation (not considering the first points), it can be seen that the pa-
rameters corresponding to the slope and the ordinate at the origin are exactly the
same as those deduced from the differential Eq. (16). Appendix 4 shows the de-
duction of the relation for calculating Ws/A from the H #–t plot. This relation is

}
W
A

s
} 5 fs0H0rs 51 2 exp32Et1

0
}
t2 2

1
t1

} dt146 (19)

From the variation of Ws and V vs time, the values of (1/V ) ev
0 WsdV can be

calculated. Figure 9 shows the variations of “t/V ” vs (1/V ) ev
0 WsdV for the

five filtration with sedimentation runs showing linear variations, especially in
the second part of the run, where it is expected that the variations of as,ave and
«s,ave are small. The corresponding linear correlations were obtained by con-
sidering only the second part of the points.

Table 3 shows the experimental parameters corresponding to the five filtra-
tion with sedimentation runs:

• Values of “p1 2 p3” are somewhat greater than of “p0 2 p3” due to the
weight of the suspension (an increment of 3 mmHg was considered, corre-
sponding to a suspension height of 3–4 cm).
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FIG. 9 Variation of ratio t/V of the time to the filtrate volume vs (1/V) e0
V WsdV for the five

filtrations with sedimentation runs.
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• Values of Rf were calculated from the linear correlations in accordance
with Eq. (18) (ordinates at the origin), these values are similar and have the
same variation tendency as those obtained with filtration without sedi-
mentation runs.

• The pressure losses “p1 2 p2” throughout the cake are calculated by Eq.
(8), considering an average value of (2u1) in the second part of the points
(Fig. 9).

• Experimental values M and values «s,ave calculated by Eqs. (4) and (5) are
also presented. It can be observed that the values of average solidosity are
similar.

• The average specific resistance values as,ave were calculated from the slope
in the linear correlations obtained (Fig. 9).

Considering the filtrate rates, which are constant from the critical points (in-
tercepts of the cake surface height with the suspension height), the values of
the specific resistances for the pressure loss “p1 2 p2” can be calculated from
the corresponding equations by considering only the permeation of the fluid
throughout the cake (considering Eq. A9 in Appendix 1 to have the constant
value (2u1) and known values of m and Ws/A; the values of “p1 2 p2” are cal-
culated by Eq. 8 by taking into account the values Rf deduced previously).
Note that in this case the values of the specific resistances correspond to the
parameters a*s,ave without movement of solids inside the cake (defined in Eq.
A8 in Appendix 1). Table 3 also shows the operating parameters and the val-
ues of a*s,ave.

Figure 10 shows the variation of log as,ave vs log ps for the different deter-
minations (the effective solids pressure ps throughout the cake equals the liq-
uid pressure loss “p1 2 p2”). It can be observed that the relations as,ave 5 ƒ(ps)
for filtration with or without sedimentation are similar as a consequence of the
fact that the values of J are probably also close, whereas the values of the spe-
cific resistance are higher (in some cases up to 10–15%) than the correspond-
ing ones for the other processes for filtration without sedimentation after the
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TABLE 3
Experimental Parameters for Filtration with Sedimentation Runs after the Critical Points

p0 – p3 p1 – p3 Rf (2u1) p1 – p2 a*s,ave

Run mmHg mmHg (m21) 3 10210 (m/s) 3 105 mmHg (m/kg) 3 10210

6 17.0 20.0 3.87 0.950 17.2 1.30
7 37.0 40.0 4.75 1.43 35.0 1.75
8 57.0 60.0 4.06 2.20 53.3 1.74
9 77.0 80.0 4.90 2.36 71.4 2.16

10 97.0 100.0 6.27 2.86 86.6 2.17
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critical point (percolation), indicating the small but significant influence of the
parameter J.

From the correlation of the values obtained from the filtration with sedi-
mentation runs (prior to the critical point) and the filtration without sedimen-
tation runs, it is deduced that

as,ave (m/kg) 5 5.73 3 108 ps
0.377 (ps in N/m2) (20)

for 2,300 , ps , 11,500 N/m2

Considering the experimental values for the 10 runs, when all the solids are
in the cake, the following relation is obtained:

«s,ave 5 0.3884ps
0.0451 (ps in N/m2) (21)

for 2,300 , ps , 11,500 N/m2

From the experimental data of filtration with or without sedimentation, the
relationships between the local effective solids pressure, the permeability or
the specific resistance, and the volume fraction of solids can be obtained. A
computation program involving the previous relationships has been devel-
oped, and good simulation of all the runs was obtained, but this will be pre-
sented in another paper.

CONCLUSIONS

In a filtration batch process with sedimentation formed on the cake along
the run, it is possible to apply the fundamentals developed for the sedimen-
tation batch test if some modifications are included. By adding the variation
of the filtrate height to the variation of the suspension–supernatant interface
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FIG. 10 Variation of the average specific resistance as,ave vs the effective solids pressure ps.
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height and to the cake surface height, the Kynch theorems can be applied to
the new plot with the possibility of deducing the following relations and pa-
rameters: the relationship between the settling rate and the solids concentra-
tion, the apparent critical or gel solids concentration, the filter medium re-
sistance, the solidosity, and the average specific resistance of the cake
formed.

The fundamentals of the filtration with sedimentation run are tested by con-
sidering the similarity of some relations deduced from the different runs and
by comparing them with some filtration without sedimentation tests.

From a batch test of filtration with sedimentation and by comparing the fil-
tration process prior to and after the critical points, it is possible to analyze the
influence of movement of solids inside the cake on the average specific
resistance.

APPENDIX 1

By considering many layers of solids inside a cake and assuming a Darcian
liquid flow, the superficial fluid velocity ui

1 with respect to the solids can be
related by the equation

(2ui
1) 5 [(2ui) 2 (2usi)](1 2 «si)

5 }
m
k
} }

d
d
p
L

i
1

i
}

5 }
m
1

} }
d
d
p
R

i
1

i
}

(A1)

5 }
m

1
asi
} }

d(W
dp

si

i
1

/A)
}

where “d(Wsi/A)” is the solids mass per unit of cross area corresponding to the
layer with thickness “dLi” or “dx,” “ui” is the fluid velocity, and “pi

1” is the
manometric pressure which equals “pi 1 rgxi” (in cakes the variation of “p”
is much greater than “rgx,” and consequently pi

1 > pi).
The superficial velocity defined for the filter medium or membrane filter is

(2u1) 5 }
d(V

dt
/A)
} 5 }

d(H0

d
2

t
HS)

} 5 }
d
d
H
t
F

} 5 }
p2

m

2

Rf

p3
} (A2)

From a volume balance between a layer and the filter medium, it can be de-
duced that

(2u1)A 5 (2ui)A(1 2 «si) 1 (2usi)«siA (A3)
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and consequently from the previous equation and Eq. (A1)

(2ui
1) 5 [(2u) 2 (2usi)](1 2 «si)

5 (2u1) 2 (2usi)
(A4)

Equation (A1) can be written considering that dp > dp1 > 2dps (deduced
from a momentum balance, neglecting the small effect of the weight of the
solids), where ps is the effective pressure transmitted by the solids, so

(2u1) }
W
A

s
}}

(2u1

(2

) 2

u1

(

)

2usi)
} d(Wsi/Ws) 5 }

m

d
a

p

s

i

i
} 5 }

2

m

d
a

p

s

s

i

i
} (A5)

where “Ws” is the total solids mass. Integrating between the boundaries of the
cake

(2u1) }
W
A

s
} 5 Ep2

p1

}
m

dp
a

i
1

si
}

5 E0

p12p2

}
2

m

d
a

p

s

s

i

i
}

(A6)

5 }
p
m
1

a

2

s,a

p

ve

2
}

5 E0

p12p2

The last term of Eq. (A6) can easily be deduced from the arrangement of the
terms in Eq. (A5). Consequently

}
as

1
,ave
} 5 }

p1 2
1

p2
} 3E

p12p2

0
}
d
a

p

s

s

i

i
}4 3 4

5 }
a*s,

1
aveJ
} (A7)
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(
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where

}
a*s

1
,ave
} 5 }

p1 2
1

p2
} 3E

p12p2

0
}
d
a

p

s

s

i

i
}4 (A8)

and

J 5 E1

0
}
(2u1

(2

) 2

u1

(

)

2usi)
} d(Wsi/Ws)

5 E1

0
}
(

(

2

2

u

u
1

i
1)

)
} d(Wsi/Ws)

(A9)

The expression “J” is similar to that defined by Tiller and Shirato (18) and
corresponds to a correction factor (less than 1) as a consequence of the solids
movement.

From Eqs. (A6) and (16)

(2u1) 5 }
d(V

dt
/A)
}

5

5 }
p2

m

2

Rf

p3
}

(A10)

5

Assuming that the average solidosity of the cake is approximately constant
along the run; introducing Eq. (4) in Eq. (A10); and integrating between t 5
0, V 5 0 and t 5 t, V 5 V; the following equation is obtained:

}
V
t
} 5 V 1 }

A(p
m

1

R
2

f

p3)
} (A11)

APPENDIX 2

In this section the application of the Kynch theorems when the filtrate
height HF is added to an H–t plot to obtain an H #–t diagram is discussed. The
filtrate rate (2u1) can be related to the filtrate height HF as

(2u1) 5 dHF/dt (A12)

mrS0as,ave
}}}
2(1 2 MS0)A2(p1 2 p3)

p1 2 p3
}}

mas,ave }
W
A

s
} 1 mRf

p1 2 p2
}}

mas,ave }
W
A

s
}
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or

HF 5 Et

0
(2u1)dt (A13)

A line with slope “m” in an H–t diagram has a slope m# in an H #–t diagram,
calculated as

m# 5 }
d
d
H
t

#

}

5 }
d(H

d
1

t
HF)

}
(A14)

5 }
d
d
H
t
} 1 }

d
d
H
t
F

}

5 m 1 (2u1)

1st Kynch Theorem

Following the same procedures presented by Fitch (8) for a sedimentation
batch test, the velocity v of a discontinuity arising in an H–t diagram (corre-
sponding to a filtration with sedimentation run) can be calculated from a ma-
terial balance applied to any cross section as

n 5 2}
D[f

D
s(
f

2

s

us)]
} (A15)

where (2us) is the downward solids velocity, i.e, the sum of the downward
settling rate (2us

#) and the superficial filtrate rate defined for the membrane
(2u1), so

(2us) 5 (2us
#) 1 (2u1) (A16)

Note that the superficial velocity equals the filtrate volume per unit of cross
section and time and also equals the solids 1 liquid mixture that goes down-
ward per unit of cross section and time at any height.

From Eqs. (A15) and (A16)

n 5 2}
D[f

D
s(
f

2

s

us)]
}

5 2 (A17)

5 2}
D[f

D
s(

f

2

s

us
#)]

} 2 (2u1)

D[fs((2us
#) 1 (2u1))]

}}}
Dfs
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or

n# 5 n 1 (2u1)

5 2}
D[f

D
s(

f

2

s

us
#)]

}

(A18)

This means that the rising velocity n# of a discontinuity in an H #–t diagram
equals the expression obtained in a batch sedimentation test, where (2us

#) is
the downward settling rate of solids with respect to the mixture. Note that if
both solids concentrations of the two extremes of the discontinuity are inside
the noncompression zone [(2us

#) depends only on fs], the variation of the dis-
continuity height vs time can be a curve in an H–t diagram because (2u1) can
change with time, whereas the variation of the discontinuity height vs time in
an H #–t diagram is linear although (2u1) changes with time, in accordance
with Eq. (A18).

2nd Kynch Theorem

Following the same procedures presented by Fitch (8), the rising velocity n
of a characteristic line in an H–t diagram can be calculated from a material bal-
ance applied to an elemental volume as

n 5 2d[fs(2us)]/dfs (A19)

From Eqs. (A16) and (A19)

n 5 2}
d[f

d
s(
f

2

s

us)]
}

5 2 (A20)

5 2}
d[fs

d
(
f

2

s

us
#)]

} 2 (2u1)

or

n# 5 n 1 (2u1)

5 2}
d[fs

d
(
f

2

s

us
#)]

}

(A21)

This means that the arising velocity n# of a characteristic line in an H #–t di-
agram equals the expression obtained in batch testing, where (2us

#) is the
downward settling rate of solids with respect to the mixture, that only de-
pends on the fs. Consequently, characteristic lines are curved in an H–t dia-

d[fs((2us
#) 1 (2u1))]

}}}
dfs
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gram because (2u1) changes with time, whereas they are linear in an H #–t
diagram.

3rd Kynch Theorem

From Eqs. (A16) and (A14) it can be written that

(2us
#) 5 (2us) 2 (2u1)

5 2}
d
d
H
t
} 2 1}

d
d
H
t
F

}2
5 2}

d(H
d
1

t
HF)

}

(A22)

5 2}
d
d
H
t

#

}

Consequently, considering the H #–t diagram (Fig. 7), the slope of the upper
interface in zone “a” corresponds to the settling rate of the initial solids
concentration.

A deduction similar to that presented by Fitch (8) is made in zone “b.” By
considering the characteristic line that arises from the origin, the volume of
solids that crosses the characteristic line is equal to the total volume of solids,
and considering Fig. 7

[(2us
#) 1 n#]tfsS 5 fs0H0S

5 3}H
#
i 2

t
H #

} 1 }
H
t

#

}4tfsS (A23)

5 H #
ifsS

and

fs 5 fs0H0/H #
i (A24)

This means that the relationship between the settling rate and the volume frac-
tion of solids can be obtained by drawing many characteristic lines and relat-
ing the slope of the upper interface (settling rate) with the volume fraction of
solids given by Eq. (A24), as occurs in batch testing.

Relationship between the Settling Rate and the Volume
Fraction of Solids When the Characteristics Arise from
the Cake Surface

The procedure is similar to that presented previously (9, 12) but considers
the H #–t diagram. Figure 7 shows the rise of a characteristic line from the sed-
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iment. The solids balance can be written at any moment as

fs0H0 5 EL1

0
«sdx 1 EH #

1

L#
1

fsdx# (A25)

Considering some relations from Fig. 7

EH #
1

L#
1

fsdx# 5 fs2[n# 1 (2u#
s2)](t2 2 t1)

5 fs2 3}Ht2

#
2

2

2

t
L

1

#
1

} 1 }
H

t

#
1

2

2

2

2

t
H

1

#
2

}4 (t2 2 t1)
(A26)

5 fs2(H #
12 2 L#

1)

Introducing Eq. (A26) in Eq. (A25):

}
d
d
t1
} fs0H0 5 0

5 }
d
d
t1
} EL1

0
«sdx 1 }

d
d
t1
} EH #

1

L#
1

fsdx#

5 «s1 }
d
d
L
t1

1
} 1 EL1

0
}
­

­

«

t1
s

} dx 1 }
d
d
t1
} [fs2(H #

12 2 L#
1)]

5 «s1 }
d
d
L
t1

1
} 1 «s1(2us1) 1 }

d
d
t1
} [fs2(H #

12 2 L#
1)] (A27)

5 «s1 3}
d
d
L
t1

1
} 1 (2u1)4 1 «s1[(2us1) 2 (2u1)]

1 }
d
d
t1
} [fs2(H #

12 2 L#
1)]

[ 0 5 «s1 }
d
d
L
t1

#
1

} 1 «s1(2u#
s1) 1 }

d
d
t1
} [fs2(H#

12 2 L#
1]

Note that in the previous equations the term e0
L1 (­«s/­t1)dx equals «s1(2us1)

because this is the result of a material balance between the bottom and the top
of a cake.

On the other hand, consider Eq. (A15) applied to the sediment surface:

}
d
d
L
t1

#
1

} 5 2 (A28)
fs2(2u#

s2) 2 «s1(2u#
s1)

}}}
fs2 2 «s1
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and

fs2(2u#
s2) 1 fs2 }
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d
L
t1

#
1

} 5 «s1 }
d
d
L
t1

#
1

} 1 «s1(2u#
s1) (A29)

From Eqs. (A27) and (A29) and considering Fig. 7:

fs2(2u#
s2) 1 fs2 }

d
d
L
t1

#
1
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d
d
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} [fs2(H #
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(A30)
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5 (H #
12 2 L#
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} 1 fs2 }
d
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} [H #

12 2 L#
1]

Considering the last two terms of the previous equation and dividing by (H #
12

2 L#
1) fs2, rearranging the equation, and integrating:

2Efs2
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i
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} (A31)

where f*s2 corresponds to the characteristic line that rises tangently from the
sediment, whose value of H #

12 2 L#
1 equals H #*i,  and taking into account that

the characteristic line arises from the origin:

f*s2 5 fs0H #
0/H #*i (A32)

Operating with Eq. (A31) and considering Eq. (A32):

fs2 5 f#*s2 }
H #

12
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2
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} exp32 Et1
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}4 (A33)
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#
12

s0

2

H0

L#
1

} exp32Et1

0
}
t2

d
2

t1
t1

}4
which is the expression similar to that obtained in batch sedimentation testing.
Consequently, in a modified H #–t diagram it is possible to correlate the val-
ues of fs2 with the settling rate dH #

2/dt2 obtained in the intercept on the super-
natant–suspension discontinuity.
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APPENDIX 3

By considering the normal H–t diagram (without modifications), and also
that the sediment surface is a discontinuity, it can be written that

1}
d
d
L
t
}2t50

5 2}
D[f

D
s(
f

2

s

us)]
}

5 2}
f*s (2

f*
u

s

*

2

s) 2

«s1

«s1.0
} (A34)

5

From Eq. (A32), and considering Eq. (A30) and Fig. 8:

«s1 5
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(A35)
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0
}
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2
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(2

#
0*

u0
1)t*2

}

which is the expression for calculating «s1.

APPENDIX 4

The solids mass per unit of area that crosses the sediment can be calculated
as

5 rs 3fs2 12us2 1 }
d
d
L
t1

1
}24

d 1}
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s
}2

}
dt1
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5 rs 3fs212(u#
s2 1 (2u1)) 1 }

d
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t1

#
1

} 1 (u1)24 (A36)

5 rs 3fs2 12u#
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d
d
L
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#
1

}24
Considering Eq. (A33) and some geometrical relations deduced from Fig.

7, Eq. (A36) becomes
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Integrating from t 5 0:

}
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A

s
} 5 rsfs0H0 3 1 2 exp 12 Et1

0
}
t2

d
2

t1
t1

}24 (A38)

which is the relation for calculating the amount of solids inside the sediment.

SYMBOLS

A cross section of the filter (m2)
AVI average volume index (aggregate volume/solids volume ration in

an aggregate)
da aggregate diameter (m or mm)
g gravity acceleration (m/s2)
H liquid height (m)
HF filtrate height (filtrate volume per unit of cross section) (m)
Hi intercept of the tangent to the suspension–supernatant interface on

the x-axis in zone “b” (m)
H0 initial height (m)
Hs slurry or suspension height (m)
H i

# intercept of the tangent to the suspension–supernatant interface on
the x-axis in zone “b” in the modified diagram (Fig. 7) (m)

H12 intersection height of the tangent at (t2, H2) with the vertical line at
t1 (m)

H #
12 intersection height of the tangent at (t2, H #

2) with the vertical line at
t1 in the modified diagram (Fig. 7) (m)
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H2 suspension height at time t2 (m)
H*2 intercept height of the tangent to sediment or cake at the origin with

the suspension–supernatant height (m)
H #

2* intercept height of the tangent to sediment or cake at the origin with
the suspension–supernatant height in the modified height–time di-
agram (Fig. 7) (m)

H #
2 suspension height at time t2 in the modified diagram (Fig. 7) (m)

Hc critical height when the suspension intercepts with the sediment
(m)

H s
# suspension height in the modified height–time diagram (Fig. 7) (m)

j aggregate volume/solids volume ration in an aggregate (equals
AVI)

J correction factor given by Eq. (A9) (dimensionless)
L sediment height (m)
L1 sediment or cake height at time t1 (m)
L#

1 cake height at time t1 in the modified diagram (Fig. 7)
M wet cake mass/dry cake ratio
p liquid pressure (N/m2 or mmHg)
p1 manometric or dynamic pressure (N/m2)
ps effective solids pressure (N/m2 or mmHg)
R flow resistance (m21)
Rf medium filter resistance (m21)
S0 initial mass fraction of solids in the suspension (dimensionless)
t time(s)
t1 time at which the characteristic line of zone “c” arises tangently

from the sediment(s)
t2 time at the intersection of the characteristic of zone “c” with the

suspension–supernatant interface(s)
t*2 time at which the characteristic line that rises tangently to the sed-

iment curve and from the bottom intercept with the suspension–su-
pernatant interface(s)

us solids velocity (m/s)
us1 solids velocity at the top of the cake (m/s)
usi solids velocity at layer i (m/s)
ui liquid velocity at layer i (m/s)
us0 solids velocity at dilution infinity (settling rate of an aggregate)

(m/s)
u1 superficial liquid velocity at the filter medium (filtrate volume per

unit of cross section and per unit of time) (m/s)
ui

1 superficial velocity of solids with respect to liquid (m/s)
u0

1 initial superficial velocity (m/s)
us

# settling rate of solids with respect to the suspension (m/s)
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u#
s2 (settling rate of solids corresponding to the characteristic line that

rises tangently to sediment (m/s)
V filtrate volume [equals A(H0 2 H )] (m3)
Ws mass of solids in the cake (kg)
Wsi mass corresponding to layer i inside the cake (kg)
x distance to the supporting medium (m)
x# modified distance to the supporting medium (5 x 1 HF) (m)

Greek Letters

as specific resistance (m/kg)
as1 specific resistance for the critical volume fraction of solids (m/kg)
as,ave average specific resistance of the cake (m/kg)
a*s,ave average specific resistance calculated by Eq. (A8)
«s volume fraction of solids or solidosity in the compression range

(dimensionless)
«si volume fraction of solids of layer i inside the cake (dimensionless)
«s1 critical or gel volume fraction of solids (dimensionless)
«s,ave average solidosity of the cake (dimensionless)
m liquid viscosity [kg/(m?s)]
n arising velocity of a discontinuity or a characteristic in an H–t dia-

gram (m/s)
n# arising velocity of a discontinuity or a characteristic in an H #–t di-

agram (m/s)
r liquid density (kg/m3)
ra aggregate density (kg/m3)
rs solids density (kg/m3)
fs volume fraction of solids in the noncompression zone (dimension-

less)
fs0 initial volume fraction of solids (dimensionless)
fs2 volume fraction of solids corresponding to the characteristic that

rises tangently to sediment (dimensionless)
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